The quasiclassical distribution function for photon density in the phase-space is obtained from solution of the kinetic equation. This equation describes propagation of paraxial laser beams in the Earth atmosphere where "collision integral" embodies the influence of turbulence. The anisotropy of photon distribution is shown and explained. For long propagation path, the explicit expression for fourth-order moment of light is obtained as a quadratic form of the average distribution function. This moment, defined as a spatial correlation function of four fields, contains the desirable information about photon kinetics in the beam. Photon fluctuation measurements can be used to obtain the radiation distribution outside the apertures of detectors.
I. INTRODUCTION
Propagation of laser beam in atmosphere is crucial part for current developments of classic and quantum communication and remote sensing systems. Among others description of influence of turbulence is important for such areas as quantum key distribution [1, 2] , satelliteground communication [3, 4] , quantum teleportation [5] [6] [7] , propagation of entangled and squeezed states [8] [9] [10] [11] , and ghost imaging [12, 13] . In all this cases changes of spatio-temporal properties of initial radiation due to presence of atmospheric turbulence plays vital role.
Laser beam characteristics can be significantly modified in the course of light propagation in atmosphere. Atmospheric eddies generate random fluctuations in the air refractive index (RI) which cause an additional beam broadening as well as a wandering effect [14] [15] [16] [17] [18] . The results of individual beam-eddy collisions depend on their characteristic dimensions. In the case of prevailing smallsize eddies, the beam broadening is observed. In contrast, for the case of small beam radius, the light can be deflected as a whole showing the effect of wandering. Despite the very small fluctuations in RI, their impact on the beam evolution can be quite significant because of accumulating effect which occurs along the propagation path. Wide dispersion of eddies parameters and indexof-refraction structure constants C 2 n complicate the possibility of numerical research for these systems.
A spatio-temporal distribution of the radiation intensity can be obtained using different approaches. The situation is much more intricate for the description of fluctuations of light intensity. The fluctuations are described by four-wave correlation functions (fourth-order moments of optical field) of propagating radiation. In the course of propagation, the initially coherent laser radiation acquires some properties of Gaussian statistics [19] because of the effect of atmospheric turbulence. This complicates a theoretical analysis of fluctuation characteristics.
In early studies, the equations governing evolution of fourth-order moments were proposed [15, 16] . However, usefulness of these equations is questionable because of their complexity. Later on, the alternative approach, based on the photon distribution function (PDF) and the kinetic equation for it, was used [20] [21] [22] . This function was defined as the photon density in the phase space. A random force in the kinetic equation has described the effect of atmospheric eddies. Obviously, this classical force cannot adequately consider the collisions which are accompanied by a substantial change of the photon momentum. In the paper [23] a more general approach which overcomes this restriction was proposed. The theory been modified, providing more general first-principle approach in order to account for the effect of photon-eddy interactions by means of collision integral. Moreover, a random nature of photon-eddy collisions is accounted for by the Langevin source with known statistical properties [24, 25] . As a result, a linear Boltzmann-Langevin equation describes both the average and fluctuating parts of photon distribution. The goal of this paper is to derive the expressions for average distribution function and fourth moment asymptotics in the paraxial regime.
The paper is organized as follows. In Sec. II, we obtain the fourth-order moment expressed in term of average distribution function. In Sec. III, two different kinetic equations are analyzed briefly. In Sec. IV, the analytical solution for the PDF is derived. Its explicit form is used for obtaining the fourth-moment asymptotics in Sec. V. The results of calculations are analyzed in Sec. VI. In Appendix, the asymptotics of distribution functions, found from solutions of two different kinetic equations, are compared.
II. DISTRIBUTION FUNCTION OF PHOTONS AND LONG-DISTANCE FOURTH-ORDER MOMENT FOR FIELD.
The photon distribution function, defined by analogy with distribution functions in physics of solids is given by [26] 
2 where b † q and b q are quantum amplitudes of bosonic photon field with the wave vector q; V ≡ L x L y L z ≡ SL z is the normalizing volume. The laser beam propagates in the z direction. Only small divergence of the beam components is assumed, i.e. the paraxial approximation holds. In this case, the initial polarization of light remains almost unaffected for a wide range of propagation distances (see Ref. [27] ).
The operatorf (r, q, t), describing the photon density in the (r, q) space, after summing over all values of q gives the density of photons only in the spatial domain
The characteristic sizes of spatial inhomogeneities described by both operators,f (r, q, t) andÎ(r, t), are assumed much greater than the optical wavelength λ = (2π/q 0 ). Here q 0 is the wave vector corresponding to the central frequency of the radiation, ω 0 = cq 0 . Therefore it is quite reasonable to restrict the sums in Eqs. (1) and (2) by the range of small k, i.e. k < k 0 such that the inequality k 0 q 0 is satisfied. At the same time the value of k 0 should be large enough to provide a desired accuracy for the description of beam profile.
The operator of photon density can be represented aŝ
where Î (r, t) and δÎ(r, t) are the average and fluctuating constituents ofÎ(r, t). Averaging consists of two parts: for the source fluctuations and for various configurations for turbulent atmosphere. Both averaging are performed independently. Average product of photon densities is defined by
All operators on the right side are given at time t which is a propagation time. It is reasonable to consider that the average product of four operators at asymptotically large t splits into products of pairs, i.e.,
In other words, it is assumed that amplitudes b † and b are gaussian-distributed. Such assumption is justified since for t → ∞ each primary electromagnetic wave experiences multiple scatterings by randomly distributed vortices [19, 28] . The "collisions" randomize photon momenta. (This is in contrast to the paper [29] in which the Gaussian statistics was assumed from the very beginning of photon trajectory.) It is also considered that the condition of paraxial approximation is still fulfilled, and therefore the wave vector component q z remains almost unchanged (approximately equal to q 0 ). This means that the RI variation in the z-direction has no significant effect on propagation of paraxial beams [14] . This phenomenon is interpreted in [23] as arising from relativistic length contraction of moving objects (the relative motion of vortices and photons). The perpendicular constituent q ⊥ , where q ⊥ = {q x , q y }, grows with time like Brownian particles moving in the q ⊥ -space (see [20] ).
Substituting (5) into (4), we obtain
Utilizing here the definitions (1) and (2), we arrive at more meaningful form
The third term in the right side is obtained by changing the indices in the operators b q and b † q . It can be written in a simpler form
where the sum constitutes Fourier transform F in the q domain for r − r . Equation (7) represents the result of optical components mixing after long-distance beam propagation in the z direction. The first term in the right side describes the shot noise. It has a quantum nature and is important in the case of small number of detected photons. The second term is the product of average photon densities. It does not consider the correlation of light intensity at different positions r and r and is not present in the average product of fluctuations δÎ(r, t)δÎ(r , t) . The third term, like the first one, describes fluctuations. It is given by a quadratic form of PDF which in general case does not reduces to the product of photon densities Î (r, t . The point r = r is the exception where the second and third terms become equal to each other. As a result, the scintillation index, σ 2 , defined by
is equal to unity regardless of r.
[We neglect the shot noise here.] This is the well-known result for saturated regime of scintillation [19] . It should be emphasized that this result is obtained only from the conditions of the Gaussian statistics for field operators in PDF. The individual terms in Eq. (7)
contribute to the correlation function of photon densities in different points r and r . At the same time, the photon distribution functions in (9) depend on spatial coordinate r+r 2 which differs from r and r . It can be seen, that the correlation of photon densities at different positions r and r depends on the values of PDF at (r + r )/2. In particular, this may be the beam center (if r = −r ) where the PDF can have the maximum value. The discussed example indicates that by studying the photon fluctuations outside the center of the beam, we can get information about its central region. There is the similarity with the Hanbury Brown-Twiss effect [30] which describes four-wave correlations. The properties of the radiation field that arose from the spatial correlation of the irradiation density can be used in practice [31] .
Equation (8) represents a relative fluctuations of photon density in a specified location. It is reasonable to expect that the total photon flux in the z-direction defined by
does not fluctuate due to the lack of absorption. The following considerations elucidate this point. A size of fluctuations of I T (z, t) can be described by the average [δI T (z, t)] 2 . Integration in the (x, y) plane results in
Equation (11) is obtained using the relationships
The estimate for the relative fluctuations, which uses Eq.(8), is given by
where symbolsq ⊥ and R denote characteristic momentum of q ⊥ and the beam radius, respectively. Both of these quantities increase with time t. Therefore the right side of Eq. (12) asymptotically goes to zero. This is a typical situation for many-particle systems: usually relative fluctuations of total numbers of particles are negligible. The same stands for multiphoton system considered in this paper. Behavior of physical quantitiesq ⊥ and R was investigated in earlier papers (see, for example, [20] ) using the approach of "slowly varying force". In what follows, our consideration is based on the alternative collision-integral method.
Kinetic equation governing the evolution of photon density in the phase space,f (r, q, t), can be represented by
and n k is the Fourier transform of the fluctuating refraction index δn(r):
The von Karman formula
provides a reliable description of atmospheric turbulence by means of the set of parameters C 2 n , l 0 and L 0 . These parameters take into account the turbulence strength and the vortex shape.
Linear inhomogeneous equation (13) can be used for the description of both the evolution of photon distribution and photon fluctuations. The termν q f (r, q, t)} describes photon-eddies scattering. It follows from Eq. (14) that the quantity
can be interpreted as the probability per unit time of a photon transition from state q ⊥ to state q ⊥ ± k ⊥ . In what follows, we will use the quantity
as a convenient parameter which describes the relaxation in the system and does not depend on photon variables.
Random nature of individual collisions is taken into account by the Langevin source of fluctuations,K(r, q, t), (see, for example, Refs. [24] and [32] ). Usually, correlation functions of Langevin sources are expressed via the transition probabilities and average values of the PDF.
Substituting expression −F∂ rf (r, q, t) instead of K(r, q, t) −ν qf (r, q, t) into the right-hand side of (13), we obtain an alternative kinetic equation in which turbulence is manifested by a random force F = ω 0 ∂ r n(r) acting on photons. Such an equation is applicable for description of the region of moderate and strong turbulence (see, for example, Refs. [20] [21] [22] ). Unfortunately, it cannot be used in the case of weak turbulence where the force F is not a slowly varying function in a spatial domain. The approach based on Eq. (13) is free from this shortcoming.
There is another method to describe light propagation [33] . It deals with the evolution of arbitrary photonic quantum state propagating through a turbulent atmosphere. However, our approach, based on the quasiclassical kinetic equation (13) for f (r, q, t), seems much simpler to study the effect of turbulence on light.
After averaging of Eq. (13), the Langevin source disappears and the kinetic equation for f (r, q, t) reduces to
The kinetic equation for the fluctuating component
is given by
Two linear equations (18) and (20) can be used for obtaining average and fluctuating PDF. The state of a radiation field in the source aperture determines the boundary conditions for f . The free term, K, distributed along the beam path, is the only source of non-trivial solution of (20) if photon fluctuations in the outgoing aperture are neglected.
IV. ANALYTICAL SOLUTION FOR AVERAGE
PDF.
The homogeneous equation (18) can be solved using the Fourier transforms. To do this, we multiply all terms in (18) by 1 S × e ik ⊥ ·r and integrate over r ⊥ . [In what follows, we use the notation f (r, q, t) for f (r, q, t) .] As a result, we obtain for the Fourier component, defined by
a simpler equation
in which c q ⊥ = cq ⊥ /q 0 and |c q ⊥ | c. In the course of derivation of Eq. (22) we consider z = ct. Since the z components of vectors are not in the last equations, we omit the notation ⊥ for the brevity of the body text (except the Appendix) and consider only x-and y-components. Solution of equation (22) can be represented as the product
where the new function ϕ satisfies the integral equation
Another Fourier transform,
reduces the kinetic equation to the relaxation type equation
The relaxation frequency γ is given by
(26) The set of independent variables p, k, t, forms the vector P(t) = p − ktc/q 0 , on which the relaxation parameter depends: γ ≡ γ P(t) . In the case of large characteristic values of P(t) · k /2, the quantity of γ approaches ν [see Eq. (17)].
Solution of Eq. (25) is given by
The initial value of Φ(k, p, t = 0) depends on the field in the aperture, that is, when z = ct = 0. It is assumed that there are no fluctuating components in this field. Using Eq. (27), we obtain
In the case of a Gaussian profile of the source field described by function e −r 2 /r 2 0 , the initial value of ϕ(k, q, t = 0) is proportional to exp −q 2 r 2 0 2 − k 2 r 2 0 8 (see, for example, Ref. [22] ). Then the average photon distribution function is given by f (r, q, t)=C dp dke −ik·r−iq·(p−kct/qo)
where the constant C can be expressed by the total photon flux. When deriving Eq. (29), the relations (24) and (28) were taken into account.
The term (29) is an analytic solution in the paraxial approximation of the kinetic equation (18) . Finding the average distribution function requires multiple (sevenfold) integration on the right side of Eq. (29) . However, some qualitative conclusions about the shape of PDF are possible without numerical integration. First of all, we consider the case of long propagation time when the characteristic values of k 2 and p are small. The reasons for their decreasing are: (i) beam broadening and (ii) increase of photonic momenta q due to its random (Brownian) dynamics. As a result, the average PDF is simplified to
The first multiplier of the integrand is an oscillating function. However, it is equal to unity if r = qct/q 0 . As a result, f (r, q, t) is larger if vectors r and q are equally oriented. Drift of photons with the velocity qc/q 0 is responsible for the asymmetry of their distribution in the (r, q) space.
Distribution functions depend on the parameters of source radiation and atmospheric turbulence. Further consideration is simplified if the quantity L −2 0 in the denominator of Eq. (16) is omitted. This simplification changes the expression for C 2 n to the Tatarskii version, which is often used in the atmospheric optics. Then we can integrate in (26) over k and find an analytic expression for the relaxation frequency γ. It is given by
a (n) z n b (n) n! is a confluent hypergeometric function (Kummer's function) and a (n) , b (n) are the Pochhammer symbols.
A. Transverse momenta of photons
The mean square of the transverse momentum is defined by
As before, we consider the initial profile of the laser beam to be of a gaussian from. Using Eqs. (29) and integrating over r in (32) , we obtain
where γ p ≡ γ(k = 0, p, t = 0) is given by
For long-distance propagation (large t), only small values of γ p make a significant contribution to (33) . In this case, we can approximate sin 2 ( 1 2 p·k ⊥ ) by the value 1 4 (p·k ⊥ ) 2 . Then the variables k and p in the expression for γ p are separated from each other resulting in
where a constant α is given by
After integration in (33), we obtain
and finally
It can be seen from Eq. (35) that the main contribution to the integral is given by the region where the condition tγ p ∼ 1 holds. The estimate of this quantity for large t of t is given by ν(k p) 2 where k and p 2 are the corresponding characteristic values. Taking into account that (k p) 2 ∼ (k /q) 2 1, we find that νt 1.
This inequality means the propagation time t should be much longer than the relaxation time ν −1 . It is the general condition for validity of the asymptotics (38) . The first term in (37) is due to the diffraction of the beam at the source aperture. The second one is identical to that derived in [20] using a random-force approach [see Eq. (53) there]. The equivalence of results obtained by different methods is not occasional. This point can be explained as follows. Increasing the propagation time leads to a decrease in the ratio k /q due to to the increase in photon momentum q. The physical picture based on "photon-eddy collisions" becomes more like a picture in which the interaction of photons with atmosphere is described by a "random force F". Small value of k /q provides smoothing of this interaction. The equivalence of these approaches at large propagation time shown in the Appendix.
There is a considerable interest in a region close to the transmitter aperture. A simple analysis clarifies the initial stage of the growth of the momentum q 2 (starting at 2/r 2 0 ). An analytical expression that takes into account the linear dependence on t is easy to obtain. For 6 small values of t, the exponent e −γpt can be approximated by 1 − γ p t. Integration of (33) over the variables p, q, k leads to
It can be seen that the expressions (38) and (40) are identical, though they were obtained for very different values of time t. Eq. (40) is applicable if
The size of q 2 for any physical parameters, included in Eq. (28), can be calculated numerically using Eq. (31).
B. Beam broadening
Beam broadening is characterized by the average value of the square of the distance from the z axis. Following the scheme of the previous subsection, we substitute r 2 for q 2 in Eq. (32)
where integration over variables q and p has already been done. The relaxation term γ(t ) in Eq. (41) is given by
As before, in the case of large times t, the square of the sine in (43) can be replaced by the square of its argument. This simplifies integration into Eq. (42) . The result is
It can be seen from Eq. (44) that the last term in the parentheses describes long-distance behavior (∝ z 3 ) of the beam radius.
C. Asymptotic distribution function
An analytical expression for the long-distance value of PDF can be easily obtained after integrating over p and k in Eq. (30) . The result is
where r 2 T = 4z 3 cα 3ω 2 0 and q 2 T = 4αt describe beam broadening and increase of photon momentum caused by atmospheric turbulence [see Eqs. (37) and (44)]. The constant C can be expressed by the total photon flux in the z direction. For large t, the form of f is independent of the initial (at t = 0) configuration of the radiation field.
Spatial distribution is symmetric with respect to the direction of q and reaches maximum value when r = qct 2q0 [see Fig. 1 ]. After summing both sides of Eq. (46) over q, we obtain the asymptotic value of the photon density,
which represents the second moment of the radiation field. Then the shot noise, given by the first term in the right side of Eq. (7), in the paraxial approximation 7 is expressed as
Equation (45) can be used for obtaining fourth-order moments of light field derived in Sect. II [see Eq. (7)].
V. EXPLICIT FOURTH MOMENT AND APERTURE AVERAGING OF FLUCTUATIONS
The complete expression for the fourth moment is obtained after integration of Eq. (46) over q, q and given by Î (r, t)Î(r , t) = δI 2 shot + Î (r, t) Î (r , t) + C4πS
The transverse momentum determines the correlation length. This length is of the order of (8/ q 2 T ) 1/2 and decreases with the propagation time, t. Loss of coherence means that different portions of the radiation field behave independently of each other, like non-interacting particles. The sizes of these portions decrease with t. The long-time asymptotics for the exponential factor in (48) takes the form of a delta function 8π
A similar δ-function dependence on r − r is in the expression for short noise (47). At the same time, it should be noted that for large (but still finite) values of q 2 and small values of r − r , the δ-function approximation for correlations does not apply. In this case, Eq. (48) should be used. This point is important when the averaging of Γ 4 occurs in small areas of the (x, y) plane.
Aperture averaging
The asymptotic value for fourth moment can be used to obtain the correlation function of photon density fluctuations averaged over aperture plane of the detector. This physical value is important for measurements because the size of the receiver aperture is always limited [34] [35] [36] . After integrating over the receiver aperture A, we obtain
The normalizing condition η = 1, if size of A tends to infinity, is used. The quantity η contains both the average and fluctuating constituents and describes transmittance of the optical channel [37] . Fluctuations of the transmitted radiation are described by the aperture-averaged scintillation index
Two moments for η are defined as [38] 
where the normalizing conditions are given by Γ 2 (r) = Î (r, t) /(4Cπ 2 S) and Γ 4 (r, r ) = Î (r, t)Î(r , t) /(4Cπ 2 S) 2 .
For the circular receiver aperture of radius R and longdistance propagation we can express moments of transmittance as
where I 0 is modified Bessel function of the first kind. The integral over χ in Eq. (55) reduces to the incomplete cylindrical function, the analytical approximation of which has been studied in [39] .
In the case of large R, the delta-correlation approximation (49) can be used. This considerably simplifies the calculation of (53). The result is given by
For the realistic set of parameters, two curves are shown in Fig. 2 . Both curves agree well only for large values of R. In this case, the value of scintillation can be estimated as
The same estimate was obtained using the qualitative analysis in Sec. II. Numerical calculations illustrate the dependence of aperture-averaged scintillations on radius of the detector aperture (see Fig. 3 ). There are two important features of fluctuation transmittance. The first feature relates to the point-like aperture, in which the scintillation index tends to be unity, thereby reflecting the effect of saturation of fluctuations. The second feature -the absence of fluctuations for apertures whose dimensions are much larger than the beam radius.
It can be seen in Fig. 3 that the fluctuation reduction in the asymptotic case strongly depends on the value q 2 . A similar dependence on R was independently observed in earlier works. This phenomenon was treated in terms of a coherence length for covariance function [40, 41] . In our case, it is advisable to consider the quantity q 2 −1/2 T as the coherence length for the intensity fluctuations.
The attempts to study fluctuations of light intensity in the range of of strong turbulence were undertaken by Churnside [40] and Andrews et al [42] . To our knowledge, the rigorous derivation of analytical expression for σ 2 η is given only here.
VI. DISCUSSION
The photon distribution function, being a specific type of the second moment of the light field, can adequately describe laser beams evolution. It follows from the definition of PDF (1) that the wave-vector k describes the spatial distribution of the radiation field. Another wavevector, q, describes rather the transport characteristics of radiation. There are opposite trends in the evolution of characteristic values of k and q. The corresponding changes are caused by an increase in the radius of the beam as well as an increase in the speed of this process.
Solution of the kinetic equation for the case of a paraxial beam illustrates significant anisotropy of the distribution function. The anisotropy is due to photon drift with the velocity cq/q 0 in the direction parallel to r. A sim- ple analytical expression for PDF (46), obtained for large propagation time, confirms our interpretation of the results shown in Fig. 1 . It follows from Eq. (46) that the center of spatial distribution of the beam moves with the velocity cq/(2q 0 ).
It is shown in Sec. II, that the PDF can be used for obtaining the asymptotic value of the fourth moment. The fourth moment is a quantity that describes the fluctuations in light intensity. The fluctuations can impair the ability to use laser beams for practical purposes. At the same time the fourth moment describes the non-local nature of photon fluctuations. This specific property of light can be used for more detailed diagnostics of the whole system. Two detectors can be used for this purpose.
Explicit fourth moment is used for obtaining the aperture averaging of fluctuations. Dealing with limited receiver aperture is usual for most of application cases, so rigorous analytical result for transmittance of fluctuations could be of considerable usefulness. For the asymptotic case, gain in transverse momentum due to the turbulence defines correlation length for fourth moment (by analogy with coherence length, ρ 0 , in earlier works) and consequently the range of detector diameter when aperture-averaged scintillation index decrease rapidly.
We found the general solution for the average PDF by solving the kinetic equation. This equation was obtained by averaging the Boltzmann-Langevin equation derived in the previous paper [23] . The "collision term" takes into account the effect of turbulence. This version of the kinetic equation is applicable to almost any propagation distances and strengths of the structure factor C 2 n .
The alternative kinetic equation, in which the influence of a turbulence is considered within a "random force" approach, is analyzed in the Appendix. It is shown that for long-distance propagation, both approaches provide identical results. This fact is explained by smoothing photon-eddy interaction.
VII. CONCLUSION
The quasiclassical equation for the average PDF is solved analytically using the Fourier transform in spatial and momentum domains. The asymptotic value of the fourth momentum of light field is expressed in terms of PDF products which can be easily calculated. The fourth moment describes the noise level of optical signals and can be used to estimate the performance of optical systems. It can also be used to diagnose optical radiation similar to noise measurements used in the fields of solid state physics and surface science (see, for example, [25] and [43] ).The PDF approach can be used to describe the different types of beams, not just the Gaussian beams considered here.
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where c q is the photon velocity at time t. It is assumed that the propagation distance z is equal to ct and the fluctuating force F and trajectories r(q, t ) are perpendicular to the z axis. In this case, the problem reduces to considering the evolution of photons only in the x, y plane. The explicit form of φ(k, q) can be obtained from matching conditions of the source field and the field in the atmosphere:
where Φ(r ⊥ ) = const × e −r 2 ⊥ /r 2 0 . Using Eq. (A5), we obtain φ(k, q) = C e −(q 2 ⊥ +k 2 ⊥ /4)r 2
where the coefficient C can be obtained if the total photon flux is known. Using Eqs. (A3),(A4) and (A6), we find
and
Further consideration is simplified if we use the identity e −Q 2 r 2 0 /2 = dp 2πr 2 0 e −ipQ−p 2 /(2r 2 0 ) . The last factor in (A9) is simplified after averaging over the inhomogeneity of the atmosphere. Assuming the random quantity
obeys the Gaussian statistics, we can write
(A11)
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The following relations were used for obtaining Eq. (A11):
where z = ct ,z = ct . The use of a delta-function in Eq. (A12) becomes possible due to a great difference of photon velocities in the parallel and perpendicular to the propagation path directions: c cq ⊥ /q 0 . For long-distance propagation, the sine function included in expression (26) can be replaced by its argument. As a result, we have 1 2 Π 2 ≈ −γ(k ⊥ , p, t). After the replacement in (26) and averaging (A9) over the random turbulence in (A9), we get two identical distribution functions obtained within alternative approaches. Therefore the fourth moment given by Eq. (7) can be derived using either of the two approaches.
